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This article introduces and discusses the concept of entanglement detachment. Under some cir-
cumstances, enlarging a few couplings of a Hamiltonian can effectively detach a (possibly disjoint)
block within the ground state. This detachment is characterized by a sharp decrease in the entangle-
ment entropy between block and environment, and leads to an increase of the internal correlations
between the (possibly distant) sites of the block. We provide some examples of this detachment
in free fermionic systems. The first example is an edge-dimerized chain, where the second and
penultimate hoppings are increased. In that case, the two extreme sites constitute a block which
disentangles from the rest of the chain. Further examples are given by (a) a superlattice which can
be detached from a 1D chain, and (b) a star-graph, where the extreme sites can be detached or
not depending on the presence of an external magnetic field, in analogy with the Aharonov-Bohm
effect. We characterize these detached blocks by their reduced matrices, specially through their
entanglement spectrum and entanglement Hamiltonian.
I. INTRODUCTION
Quantum many-body physics constitute a theoretical
crossroad between condensed matter physics and quan-
tum information, since both of them benefit from the
study of correlations and entanglement structures [1, 2].
Indeed, the ground states (GS) of quantum systems
present very interesting entanglement properties. Un-
der a variety of circumstances, they follow the area law
[3], which determines that the entanglement entropy of
a region is proportional to the measure of its boundary.
The area law holds for 1D gapped systems [4], but some
1D gapless systems are known to violate it, such as the
rainbow system [5–7], a free fermionic chain with expo-
nentially decaying hoppings as we move away from the
center, which presents maximal entanglement between
the left and right halves in its GS.
In this work we will characterize systems where the
increase of some couplings leads to a block effectively de-
taching from the system within its GS. Thus, as those
couplings grow we observe a sharp decline in the entan-
glement entropy between the block and its environment.
The block in question need not be formed by contigu-
ous sites. Effectively, in a first example, the block can
be constituted by the two extreme sites of an open free-
fermionic chain, and the selected couplings will be the
second and penultimate hoppings [8]. A further conse-
quence is that, through entanglement monogamy [9], the
sites of the block become more correlated among them-
selves, even if they are far away. In our two other ex-
amples the detached block is given by a superlattice of
a chain and the edge sites of a star-graph, always for a
free-fermion system. Also in these cases, the block sites
establish large correlations, despite being far away.
When the entanglement entropy between block and en-
vironment falls to zero the GS can be effectively factor-
ized into two wavefunctions, one for the block and the
other for the environment. For low entanglement en-
tropy, but still non-zero, the best way to characterize
physics on the block is still to analyze its reduced den-
sity matrix. Indeed, we have considered in all the relevant
cases the entanglement spectrum [10] and the entangle-
ment Hamiltonian [11–13]. In the studied cases, we show
that both the superlattice and the edge sites of the star-
graph constitute an effective 1D free-fermionic system.
The case of the star-graph presents special relevance be-
cause whether the edge sites detach or not depends on
the number of legs of the star, modulo 4. Moreover, an
external magnetic field can re-connect the edge sites to
the rest of the system, or detach them again, in a way
which is reminiscent of the Aharonov-Bohm effect.
This work is a continuation of our previous article [8],
where we proposed an strategy to optimize the correla-
tion between the extreme sites of a chain, while keep-
ing the energy gap constant. The optimal strategy found
was, precisely, to increase certain hoppings, presenting an
intriguing similarity with the Su-Schrieffer-Heeger (SSH)
model of a dimerized fermionic chain [14–16], which is
known to present a non-trivial symmetry protected topo-
logical phase [17]. In this case, the large correlations pat-
tern is extended to several sites, in more complex config-
urations.
This article is organized as follows. Sec. II presents
the model for independent fermions. In Sec. III we sum-
marize the behavior of the edge-dimerized chains, taken
from [8]. Superlattices built from edge-dimerized chains
are the focus of Sec. IV. Afterwards, in Sec. V we discuss
junctions with a central ring, which present in some cases
a topological obstruction to the detachment, which can
be removed using a magnetic flux. Our conclusions are
summarized in the last Section.
II. MODEL
Let us consider a chain of L sites and Ne independent
spinless Dirac fermions. A tight-binding Hamiltonian can
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2be written in the following way:
H = −
∑
i
ti c
†
i ci+1 + h.c. (1)
where c†i is the creation operator at site i and the ti are
the local hopping amplitudes. Unless otherwise stated,
we will consider Ne = L/2, i.e., half-filling.
The ground state (GS) of (1) can always be written as
a Slater determinant:
|Ψ〉 =
Ne∏
k=1
b†k |0〉 , (2)
with |0〉 the Fock vacuum and b†k the creation operators
for the orbitals, given by a canonical transformation
b†k =
∑
i
Uki c
†
i , (3)
where U is the matrix that diagonalizes the hopping ma-
trix, Tij = ti (δi,i+1 + δi,i−1), with eigenvalues εk. The
energy gap of the system is given by the minimal excita-
tion energy, ε(L/2)+1 − εL/2.
The correlation matrix, defined as
Ci,j = 〈Ψ| c†i cj |Ψ〉 . (4)
allows us to compute the expectation value of any observ-
able on any state given by Eq. (2), via Wick’s theorem.
It can be evaluated using the matrix U :
Ci,j =
Ne∑
k=1
U¯kiUkj . (5)
Entanglement properties of a generic block of the
chain, B = {i1, · · · , i`} (note that the sites i1, · · · , i` are
possibly disjointed), are always referred to the reduced
density matrix of |Ψ〉, defined as
ρB ≡ TrB |Ψ〉 〈Ψ| , (6)
being TrB the partial trace on the block. In the case of a
Slater determinant, this ρB can be expressed as a tensor
product of 2× 2 density matrices of the form [11]
ρB =
⊗`
k=1
νBk 0
0 1− νBk
 . (7)
where the νBk ∈ [0, 1] are the eigenvalues of the correla-
tion `×` sub-matrix corresponding to the block CB (i.e.,
those elements of Ci,j with i, j ∈ B).
These eigenvalues can be interpreted as occupation
numbers for fermionic modes, associated to a set of en-
tanglement energies Bk given by
νBk =
1
1 + exp Bk
. (8)
These values
{
Bk
}
constitute the so-called entanglement
spectrum (ES) [10], which make up the single-body ener-
gies of the entanglement Hamiltonian (EH), HB , defined
as the Hamiltonian whose thermal state at β = 1 corre-
sponds to the actual reduced density matrix,
ρB = exp(−HB). (9)
For free fermionic states, the EH is a quadratic Hamil-
tonian with a new effective hopping matrix which can
be obtained from the correlation matrix [12]. The en-
tanglement gap is defined as the energy gap of HB ,
B(L/2)+1 − BL/2.
On the other hand, the entanglement entropy of the
block, defined as the von Neumann entropy of ρB ,
SB = −TrρB log ρB , (10)
can be computed using the following expression [11]
SB = −
∑`
k=1
(
νBk log ν
B
k + (1− νBk ) log(1− νBk )
)
. (11)
Our interest in the aforementioned entanglement mea-
sures stems from the fact that they are usually able to
characterize the different phases of matter through e.g.
corrections of (or violations to) the area law for the en-
tanglement entropy [6, 18].
Beyond the entropy, the ES and EH provide a complete
characterization of the dynamics of a block as a mixed
state embedded in the ground state of the total system.
The EH can be regarded as the effective Hamiltonian
describing the state of the block. Thus, the EH of a
disjoint block can provide an estimate of the effective
couplings between different regions of the system.
III. EDGE-DIMERIZED CHAIN
Our first example of entanglement detachment is pro-
vided by the edge-dimerized chain, described in [8] as
a nearly optimal way to obtain large end-to-end cor-
relations with a robust energy gap. Consider an open
fermionic chain of L (even) sites, subject to the Hamil-
tonian (1), with the hoppings ti given by
ti =
{
1 if i 6= 2, L− 1,
t0 if i = 2 or i = L− 1, (12)
3t0 t0
FIG. 1. Illustration for the edge-dimerized chain. The second and penultimate hoppings are set to a different value than the
rest, t0. If t0  1, a valence bond is set on top of these links, thus forcing a long-distance valence bond between the first and
last sites.
i.e.: only hoppings t2 = tL−1 = t0 are distinguished, as
illustrated in Fig. 1. If t0  1, a valence bond will
appear on top of links 2 and L − 1, i.e. between sites 2
and 3 and between sites L − 2 and L − 1, thus leaving
sites 1 and L no option but to establish a valence bond
themselves. Otherwise, if t0  1, the chain effectively
decouples: the block containing sites {1, 2} and the block
containing sites {L− 1, L} become isolated from the rest
of the chain.
Fig. 2 shows the correlation between sites 1 and L,
or end-to-end correlation, |C1,L|, as a function of t0 for
different values of L, within the GS of Hamiltonian (1).
We can see that, for low t0, the correlation grows as t
2
0,
as discussed theoretically in [8], while it saturates to 1/2
for t0 → ∞. This large value of the correlation implies
that a valence bond has been created between these two
extreme sites. In other words, they have established a
Bell pair, which is maximally entangled. Thus, through
the monogamy of entanglement, the block constituted
by sites B = {1, L} should detach from the rest of the
chain. In Fig. 2 we can also see the entropy of this
block, SB , as a function of t0. Indeed, we observe that for
very low t0, S
B ≈ 2 log 2, which is the maximal possible
entanglement. As we increase t0, the entropy decreases
steadily, tending to zero for large t0. Thus, sites 1 and L
become effectively detached, and the global wavefunction
becomes factorizable.
In Fig. 2 we have also plotted the energy gap, ∆E as
a function of t0 for different values of L. The energy gap
is a measure of the robustness of the ground state. We
can observe that the energy gap falls as ∆E ∼ t−20 , as
argued in [8].
This example serves as an illustration of the general
phenomenon, which will be discussed in more interesting
situations in the following sections: as a few couplings
are increased, a certain block may become detached from
the rest of the system, i.e.: the entanglement between
the block and the rest of the system will fall to zero.
IV. SUPERLATTICE CHAIN
Let us introduce a more interesting situation, where
entanglement detachment takes place for a disconnected
block making up a superlattice whose sites are periodi-
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FIG. 2. End-to-end correlation, |C1,L|, energy gap, ∆E, and
entanglement entropy SB of the block B = {1, L} as a func-
tion of t0 in the Hamiltonian (1) with hoppings given by Eq.
(12). The marked dashed lines correspond to scalings t20 and
t−20 . The horizontal line marks the limit correlation of 1/2.
cally spaced along the chain. As we will show, the su-
perlattice can be effectively disentangled from the rest of
the system by enhancing a few selected hoppings.
Let us consider a periodic chain of L sites, with L =
`×m, where m will be the number of sites in the super-
lattice block and ` will be the distance between them, as
illustrated in Fig. 3 using m = 3 and ` = 7. We will
focus on the case when both m and ` are an odd num-
bers. Thus, L is an odd number and it is impossible to
achieve a half-filling occupation. We will then consider
the system with Ne = (L − 1)/2 fermions. The super-
lattice sites will be denoted by B = {s1, · · · , sm}, where
sj = (j − 1)m.
The system will also be subject to Hamiltonian (1),
with all hoppings set to ti = 1 except a few selected ones
enhanced to ti = t0. These selected hoppings are the
second and penultimate of each segment between super-
lattice sites, and they are denoted by thick black lines in
Fig. 3. When t0  1, these hoppings are strong and a
valence bond state tends to be placed upon them, thus
forcing the superlattice sites to live in relative isolation
and inducing them to establish large correlations among
4FIG. 3. Illustration of the system used to detach a superlattice from the rest of the chain, inducing large multiparty correlations
among the superlattice sites. The chain has periodic boundaries (the last site is the same as the first) and presents regular
(thin black lines) and strong (thick black lines) links. The red sites, which make up the superlattice, are surrounded by sites
which form strong bonds, thus effectively separating them from the rest of the chain. The strong links will tend to form a
valence bond (red lines). Large distance correlations between the superlattice sites may appear (as indicated with dashed red
lines). In this example, we have m = 3 superlattice sites (remember that first and last sites are the same) separated by ` = 7
hoppings. The number of sites is L = m× ` = 21 in this case.
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FIG. 4. Superlattice system with m = 5 and ` = 15 or 31,
i.e. with L = 75 or 155 sites. The enhanced hopping term is
given by t0. The correlation between neighboring superlattice
sites (those in red in Fig. 3) |CB1,2| increases like t20 for low t0,
and saturate at a value ∼ 0.32 for both system sizes. The
energy gap, ∆E, can be seen to grow as t20 for low t0 and
decrease like t−20 for large t0, having a maximum at t0 = 1.
The block entropy of the superlattice sites, SB decreases from
its maximum possible value for t0 → 0+, 5 log(2) ∼ 3.46, as
t−20 when t0 > 1.
themselves. Let us consider the submatrix CB , denoted
by
CBi,j =
〈
c†sicsj
〉
, (13)
on the ground state. Notice that, due to the periodic
boundary conditions, CBi,j only depends on |i− j|. Using
Eq. (11) we can obtain the entanglement entropy be-
tween the superblock and the rest of the system. As we
will show, the superlattice effectively detaches from the
rest of the system for large values of t0.
We present in Fig. 4 the correlation between neigh-
boring superlattice sites, |CB1,2|, as a function of t0 for a
system with m = 5 and different values of ` (15 and 31).
We notice that if t0 < 1 the correlation grows steadily
as t20, and it saturates for both values of ` at the same
value, close to |CB1,2| ∼ 0.32. Fig. 4 also provides infor-
mation about the energy gap, ∆E, which can be seen to
decay both for large and small values of t0, like t
−2
0 and
t20 respectively, with a maximum at t0 = 1.
The last magnitude shown in Fig. 4 is the superlattice
block entropy, SB , associated to the partition between
the superlattice and the rest of the system. We can see
that when t0 . 1 the entropy SB takes its maximum pos-
sible value, 5 log(2) ≈ 3.46 (because n log(2) corresponds
to n bond cuts, see [6]), showing that for such low val-
ues of t0 there is no connection between the superlattice
sites. But for t0 > 1 the block entropy starts to decrease,
also with a t−20 behavior, marking the beginning of the
slow detachment of the superlattice block from the rest
of the system.
Remarkably, the correlation, the gap, and the entropy
of the block of superlattice sites, are rather independent
of the system size. Moreover, we notice that the en-
tanglement detachment, as measured by the superlattice
entropy, only takes place when the correlation |CB1,2| is
nearly saturated.
A. Entanglement Hamiltonian
As the superlattice gets more and more detached, it
becomes relevant to ask what is the effective Hamiltonian
describing the subsystem. As we know, the EH is an
effective way to describe a certain subsystem when we do
not have access to the rest of the system, see Eq. (9). For
a system of independent fermions, the EH is a quadratic
Hamiltonian in the fermionic fields [11–13] and, due to
the periodic structure of our system, its elements must
be translation invariant. Thus, we can write
HB = −
∑
i,j
T (|i− j|) c†sicsj + h.c., (14)
where T (|i − j|) denote the effective hopping terms be-
tween the superlattice sites (not only nearest neighbors),
which would contain the whole information of the super-
lattice subsystem. The top panel of Fig. 5 shows these
matrix elements, T (|i−j|), as a function of t0 for the same
superlattice system as before. Notice that T (0) plays
the role of a chemical potential, while T (1) is the usual
5−2
−1
0
1
2
3
4
0.1 1 10 100
T
(r
)
t0
ℓ = 15, r = 0
ℓ = 15, r = 1
ℓ = 15, r = 2
ℓ = 31, r = 0
ℓ = 31, r = 1
ℓ = 31, r = 2
−6
−4
−2
0
2
4
6
0.1 1 10 100
ǫB k
t0
k = 1: ℓ = 15
k = 2: ℓ = 15
k = 3: ℓ = 15
k = 4: ℓ = 15
k = 5: ℓ = 15
; ℓ = 31
; ℓ = 31
; ℓ = 31
; ℓ = 31
; ℓ = 31
FIG. 5. Top: Entanglement Hamiltonian effective hoppings,
T (r) with r = |i − j| (see Eq. 14) for the superlattice block
with m = 5 and ` = 15 and 31, as described in Sec. IV.
Notice that the effective hoppings grow logarithmically with
t0 for large values of t0. Bottom: entanglement spectrum
(ES) of the superlattice block, Bk , as a function of t0 for the
same two systems. Notice the exact degeneracy of the first
two levels, k = 1, 2 and the last two, k = 4, 5.
nearest-neighbor hopping term, while T (r) for r ≥ 2 be-
come non-local hopping terms, which is non-negligible.
All the terms present a logarithmic growth for large t0.
The entanglement spectrum (ES) also provides more
complete information about the entanglement structure
[10]. Indeed, it has been widely used in order to detect
non-trivial topological phases [10, 19, 20]. The single-
body ES of the superlattice block is represented in the
bottom panel of Fig. 5. The Bk , which constitute the
single-body spectrum of Hamiltonian (14), grow logarith-
mically with t0 for large t0. The two lowest energy levels
and the two highest ones are exactly degenerate.
Notice that both the EH and the ES describe the re-
duced density matrix of the superlattice block as if it cor-
responded to an effective free-fermionic system at tem-
perature β = 1/(kBT ) = 1. But, alternatively, we may
extract an effective temperature as a prefactor for large
values of t0,
FIG. 6. Illustration of a ring-junction with n = 5 legs and
` = 5 sites per leg. The second link from the edge of all legs
(in red) is enhanced, with a value t0 > 1; all other links have
a unit coupling. The edge sites (in red), even they are not
physically connected, will establish large correlations among
themselves (as indicated with red dashed lines).
ρB(t0) = exp(−HB(t0)) ∼ exp
(− log(t0)HBeff) , (15)
where HBeff is expected to be independent of t0, and cor-
responds to a limit Hamiltonian. This scaling relation
considers the entanglement Hamiltonian as a fixed oper-
ator, and the dependence on t0 is attached to an effective
temperature,
kBTeff =
1
log t0
, (16)
Thus, for very large t0, Teff → 0 and the superlattice
becomes disentangled from the rest of the system.
V. EDGE-DIMERIZED RING-JUNCTIONS
Let us consider the ring-junction illustrated in Fig. 6.
The fermionic sites are arranged in n chains of ` sites
joined through one extreme, making up a central ring.
All hoppings will take unit value, except the second link
starting from the free edge (marked in red), which will
take a value t0. Now let us consider the block formed
by the free extremes of each leg (marked in red), B =
{s1, · · · , sn}. We will show that this edge block detaches
from the rest of the system when t0 becomes very large,
while it establishes large internal correlations despite the
lack of physical hoppings among them.
Please note that the sites making up the edge block
B (marked in red in Fig. 6) are physically disconnected.
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FIG. 7. Top: For an edge-dimerized ring-junction with n = 3,
` = 20 and 40, we show the correlation between edge sites
corresponding to neighboring legs, |CB1,2|, the entropy of the
edge block, SB , and the energy gap of the GS, all of them as
a function of t0. Notice the straight lines, which correspond
to scalings t−20 and t
2
0. Bottom: same magnitudes for edge-
dimerized ring-junctions as a function of the number of legs,
n, for a fixed value of t0 = 100. Notice the periodic pattern
in the entropy, SB , where the horizontal line marks the value
2 log(2).
For a particle to jump from one to any other, it must hop
along one leg in order to reach the center, and then along
another leg, in order to reach the new extreme, making a
total of 2` − 1 hoppings. Nonetheless, as we shall show,
effective hopping terms between them will appear in the
entanglement Hamiltonian.
Let CB be the correlation sub-matrix corresponding to
the edge block, such that CB1,2 stands for the correlation
between edge sites of neighboring legs. The top panel
of Fig. 7 shows the dependence of this correlation |CB1,2|
on the designated hopping, t0, for a ring-junction with
n = 3 legs and two leg sizes: ` = 20 and ` = 40. We
observe, as in the other cases, the t20 dependence for low
t0, with a saturation at a finite value a bit less than 1/2.
The top panel of Fig. 7 also shows the energy gap, ∆E
and the block entropy SB as a function of t0 for the
same systems. We notice these two magnitudes decrease
steadily for large t0. Thus, we make our main claim: the
edge of the ring-junction detaches for large values of t0.
A very relevant effect shows up when we consider dif-
ferent values for the number of legs, n, as shown in the
bottom panel of Fig. 7 using always t0 = 100, which is
close enough to the strong coupling limit, when t0 →∞.
The top plot shows the behavior of the correlation |CB1,2|,
where we observe oscillations with n which attenuate for
large n, around a value |CB1,2| ∼ 0.314, i.e., quite high.
The energy gap, ∆E, is shown in the second plot, also
as a function of n. In this case we also observe some
oscillations which attenuate for large n around a limit
value. The most intriguing situation shows up when we
study the entanglement entropy of the edge block, SB , as
shown in the third plot. There we can see that the oscil-
lation becomes much more marked, and does not attenu-
ate. Besides a certain secular upwards trend, all values of
n which are multiples of 4 present a finite entanglement
entropy SB which is close to 2 log(2) (marked with the
horizontal line). Thus, we observe that, if the number of
legs n = 4k, the edge block does not detach.
In order to explain this unexpected periodic behavior,
we will consider the entanglement spectrum (ES) and
entanglement Hamiltonian (EH). We will assume that the
EH presents the same form provided for the superlattice,
Eq. (14), since it must be a free-fermion Hamiltonian
with translation invariance. In the top panel of Fig. 8 we
show T (r) for the first values of r using two systems with
` = 40 and two different numbers of legs, n = 12 and n =
14, as a function of t0. The most salient feature is that
T (0) = T (2) = 0. All even terms are zero. Moreover, we
can observe that, for large t0, they grow like log(t0), as
it was the case for the superlattice, see Sec. IV.
The bottom panel of Fig. 8 presents the entanglement
energies, Bk for the same systems. The scaling behavior
is very similar, they grow as log(t0) for large t0. Yet,
there is a crucial difference: the case n = 12 presents an
exact zero mode, i.e. Bn/2 = 
B
n/2+1 = 0 exactly. The
same is true for all other n = 4k.
Thus, we can still make similar claims to the superlat-
tice case: there is a scaling entanglement Hamiltonian,
HBeff , such that, for large enough log(t0),
HB(t0) ∼ log(t0)HBeff , (17)
But, interestingly, when n = 4k, the GS of HBeff presents
exact degeneracy of the ground state. This is a hallmark
of a non-trivial topological phase [19, 20], leading to a
minimal entanglement entropy, which is given by
Smin = d log(2), (18)
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FIG. 8. Top: Entanglement Hamiltonian coefficients, T (r),
for edge-dimerized ring-junctions with ` = 40 sites per leg,
n = 12 and n = 14 legs, as a function of t0 for the first few
values of r. Notice that, for large t0, they grow like log(t0).
Moreover, the coefficients present very small differences from
n = 12 to n = 14. Bottom: Entanglement spectrum of the
same systems. Notice the same scaling behavior, with one
exception: the ES of the case n = 12 presents two zero modes,
Bn/2 = 
B
n/2+1 = 0.
where d is given, in our case, by the number of zero
modes. Thus, Smin = 2 log(2), in correspondence with
the observed behavior of the entanglement entropy for
large t0 in Fig. 7. In other terms: for n = 4k the edge
block does not detach because it presents a minimal en-
tropy of topological origin.
This strong periodicity effect on the number of legs
presents an intriguing relation to Hu¨ckel’s rule for aro-
maticity, which establishes that for planar rings of car-
bon atoms, only those with 4k + 2 atoms can be stable,
due to the fact that pi orbital electrons can be delocal-
ized only if the plane ring has 4k + 2 pi electrons. In our
edge-dimerized junctions the edges will be isolated or not
from the rest of the system depending on the aromatic-
ity of the external effective ring of edge sites isolated for
4k+ 2 legs (aromaticity) and for odd number of legs (no
aromaticity), but will not be isolated for 4k legs (antiaro-
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FIG. 9. Analogue of de Haas-van Alphen effect (dHvA) in
junction rings. Entropy of the edge ring, SB , as a function of
the flux Φ traversing the central ring. We have used ` = 20
sites per leg, and n = 4, 5, 6, 7, 8 and 10 legs. The maxima
of the peaks correspond to log(2) and 2 log(2).
maticity). This aromaticity effect is ubiquitous in ringed
systems. [21–24]
A. Magnetic Flux through Junction Rings
The described behavior of the ring junction can change
dramatically in the presence of an external magnetic field.
Let Φ be the magnetic flux traversing the central ring,
in units of the elementary quantum flux Φ0. The mag-
netic flux causes the hopping amplitudes to acquire a
complex phase, such that the product of all phases com-
puted clockwise will be exp(2piiϕ). Thus, we will simu-
late the effect of the magnetic field by including a phase
exp(2piiϕ/n) in each of the couplings along the ring.
Physical properties of the GS will be therefore periodic
in the external flux Φ, in analogy with the de Haas-van
Alphen effect [25]. We will consider the effect of the mag-
netic flux on the edge sites, therefore an analogy with the
Aharonov-Bohm effect can also be established [26].
Fig. 9 shows the entropy of the edge block, SB , as a
function of the magnetic flux crossing the central ring, for
` = 20 and different numbers of legs, n. The periodicity
in Φ is perfect. Moreover, the entropy presents strong
peaks at different values of the magnetic flux, which de-
pend only on the value of n (mod 4). For n = 4k, the
antiaromatic junctions, we see that the entropy peaks ap-
pear at integer values of the flux Φ. For n = 4k+ 2, cor-
responding to the aromatic junctions, the entropy peaks
appear at half-integer values of the flux. In these two
cases, the maximal entropy is close to 2 log(2). For odd
n, the peaks appear at Φ = k+ 1/4 and k+ 3/4, for any
integer k, but the maximum value is only log(2).
The physical interpretation is as follows. The GS of the
EH presents zero modes for special values of the external
8flux, which depend on the value of n (mod 4). For odd
values of n, one zero mode appears at Φ = 1/4 and the
other at Φ = 3/4. Thus, the degeneracy of the GS of the
EH is double and SB peaks at log(2). For even n, the zero
modes coincide, but they appear at different values of the
magnetic flux, thus increasing the minimal entanglement
entropy to 2 log(2), according to Eq. (18).
In other words, for large t0 the ring-junction system
develops an edge Hamiltonian which is degenerate at spe-
cific values of the magnetic flux. Although the reduced
density matrix can always be considered to be close to
zero temperature, the degenerate entanglement spectra
force a minimal entanglement entropy of topological ori-
gin Smin = d log(2), where d is the number of zero modes
encountered. Thus, we see that the entropy of the edge
block of ring-junctions develops a high sensitivity to the
magnetic flux Φ that traverses their rings.
VI. CONCLUSIONS AND FURTHER WORK
In this article we have explored simple quantum sys-
tems for which an increase in a few selected couplings
can lead to the detachment of some block, as signaled
by a vanishing entanglement entropy between the block
and the rest of the system. The sites corresponding to
the block need not be neighbors, and they will develop
large correlations among them. We have described a few
systems based on free-fermions on different quasi-1D ge-
ometries which present this entanglement detachment.
Our first example was provided by an open free
fermionic chain where the second and penultimate hop-
pings are increased, thus detaching the block formed by
the first and last sites. In the second example we de-
tached a superlattice out of a 1D closed fermionic chain
by enhancing selected hoppings. In the third and most
elaborate example, we displayed the fermionic sites along
a ring-junction, a star graph with a central ring, enhanc-
ing the penultimate hopping of each leg.
We have characterized the reduced density matrices
of the nearly detached blocks via the entanglement en-
tropy, entanglement spectrum (ES) and Hamiltonian
(EH). This way we could conclude that, both in the su-
perlattice and the ring-junction, the EH present a simple
scaling form for large, yet finite, enhanced hoppings. The
case of the ring-junction presents an intriguing periodic-
ity in the number of legs n: anti-aromatic junctions with
n = 4k do not display this entanglement detachment. In-
stead, they have a minimal entanglement entropy equal
to 2 log(2). We have shown that this minimal entan-
glement entropy can be understood as an effect of the
presence of two zero modes in the ES, which signal a
non-trivial topological phase.
The topological effect becomes more interesting when
we introduce an external magnetic flux through the cen-
tral ring. We can observe that the entropy presents peaks
of amplitude S = d log(2) with d = 1 or 2. The position
and height of the peaks depend on the number of legs
mod 4, and can be understood in terms of the zero modes
of the ES and the associated topological entropy.
The systems studied can be engineered in the labora-
tory. These types of hopping patterns can appear natu-
rally in quantum wires [27, 28] or organic molecules [29],
or can be engineered using optical lattices employing the
so-called cold-atom toolbox [30, 31]. This technology is
also useful, e.g., to simulate the effects of curved space-
time on quantum matter [32, 33].
Our work, thus, presents a proof-of-principle study of
this entanglement detachment, but many questions are
still open: the theoretical explanation of the scaling form
of the entanglement Hamiltonian, the possible extension
to higher dimensions, the applicability for quantum in-
formation processing and the study of dynamical effects.
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